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Abstract. Given an n-ary k— valued function /, gap(f) denotes the essential 
arity gap of / which is the minimal number of essential variables in / which 
become Active when identifying any two distinct essential variables in /. The 
class G™ k of all n-ary k— valued functions / with 2 < gap(f) is explicitly 
determined by the authors and R. Willard in |5l 171 \8\. 

We prove that if / £ G™ , is a symmetric function with non-trivial arity 
gap and g = f(xi = Ci) is a subfunction of /, where Ci is a constant, then 
9 ^ G H ~ i t UGJ 7 or g is a constant function. A deep description if the class 
of all symmetric linear fc-valued functions with non-trivial arity gap is given. 



Introduction 

Given a function /, the essential variables in / are defined as variables which 
occur in / and weigh with the values of that function. 

In this paper we obtain some results concerning simplifying of functions by iden- 
tification of essential variables. 

The essential arity gap {gap) of Boolen functions are deeply investigated in [5] . 

In [8], R. Willard proved that if n > k then gap(f) < 2. 

1. Preliminaries 

Let k be a natural number with k > 2. Denote by K = {0, 1, . . . , k — 1} the set 
(ring) of remainders modulo k. An n-ary k-valued function (operation) on K is a 
mapping / : K n — > K for some natural number n, called the arity of /. The set of 
the all such functions is denoted by P£. 

Definition 1. Let X n — {xi, . . . , x n } be the set of n variables. A variable Xi is 
called the essential variable in f, or f essentially depends on Xi, if there exist values 
a\, . . . ,a n ,b £ K , such that 

f( ai> ... 

) 7^ f( a ii ■ ■ • i ai-i,b,a l+1 , . . . , a n ). 

The set of all essential variables in a function / is denoted by Ess(f) and the 
number of its essential variables is denoted by ess(f) = \Ess(f)\. 

Definition 2. Let , . . . , Xi m G Ess(f) be m, m < n, essential variables in f and 
Ci t , . . . , Ci m be m, constants from K . The function g — f{xi 1 = , . . . , Xi m — Cj m ) 
obtained from f by replacing the variables Xi x , . . . , Xi m with constants , . . . , Ci m 
is called a subfunction of f with respect to the variables M = {xi t , . . . ,Xi m } and 
constants C — {c^ , . . . , Ci m }, briefly a subfunction of f . 
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We shall say that g is a subfunction of / of order m. When g is a subfunction 
of /, we shall write g -< /. Note that g is an (n — m)-ary /c-valued function, where 
m = \M\. 

We shall use the following denotations: Sub(f) := {g | g -< /} and sub(f) := 
\Sub(f)\. 

Definition 3. j4 se£ M 0/ essential variables in f is called separable in f if there 
is a subfunction g of f such that M = Ess(g). 

Let Xi and Xj be two distinct essential variables in /. The function h is obtained 
from / G Pff by the identification of the variable Xi with Xj , if 

h(ai, . . . , ai-i, a«, flj+i, . . . , a„) = /(ai, . . . , aj_i, a,, Oj+i, . . . , a n ), 

for all (ai, . . . , a n ) G A"™. 

Briefly, when /i is obtained from /, by identification of the variable Xi with Xj , we 
will write h = and ft. is called the identification minor of f. Min(f) denotes 
the set of all identification minors of /. 

We shall allow formation of identification minors when X4 or xj are not essential 
in /. Such minors of / are trivial and they do not belong to Min(f). So, if Xi is 
not essential in /, then we define := /. 

Clearly, ess(fi^j) < ess(f), because X4 Ess(fi^j), even though it might be 
essential in /. 

Definition 4. Let f € PJf be an n-ary k-valued function. Then the essential arity 
gap ( shortly arity gap or gap ) of f is defined by 

gap(f) :— ess(f) — max ess(h). 

heMin(f) 

We let G™ k denote the set of all functions in Pff which essentially depend on m 
variables whose arity gap is p, i.e. G™ fe = {/ E P£ | ess(f) — m & gap(f) = p}, 
with m < n. 

Several problems concerning gap(f) for Boolean functions are discussed in the 
work of K. Chimev, O. Lupanov and A. Salomaa [TJ (3J S] - It is proved that gap(f) < 
2, when f EPg, n> 2. 

This result is generalized for arbitrary finite valued functions as follows: gap(f) < 
k for all / € PJf. 

In [5], the Boolean functions whose arity gap is non-trivial are studied and the 
class G2 2 is completely described. 

The case 2 < p < n and n > k is fully described in [8] where it is proved that if 
/ G G% u then gap(f) < 2, / is a symmetric function and the identification minors 
fi^-j do not depend on Xj for all j, i with f < j < i < n. 

In [6] and [7] , we have explicitly described the set of functions / whose arity gap 
is m with m > 2, n < k. 

Given a variable x and a G K, x a is a function defined by: 

1 if x — a 
if x ^ a. 

We shall use sums of conjunctions (SC) for representation of functions in P£. 
This is the most natural representation of the functions in finite algebras, ft is 
based on so called operation tables of the functions. 
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Each function / G PJ} can be uniquely represented in SC-form as follows 

f = &0 .X^ . . . X n © ... © O'm-^i 1 • • • © • • • © ^fc 71 — 1 .X^ ... X n 

with m = E™ =1 ajfc n_I , and aj,a TO G K, where " © " and "." are the operations 
addition and multiplication modulo k in the ring K . 

Let g be a subfunction of / and gap(f) > 2. We say that g inherit the gap of f 

if gap(g) > 2- 

For a Boolean variable x we denote by -<(x) the unary operation negation, i.e. 

o _ / 1 * = 

~^~ x ~ \ if x=l. 

Example 1. First, we consider the class of binary and ternary Boolean functions. 

The most simple case is when a function belongs to the class G\ 2 . Then all 
its subfunctions depend essentially on at most one variable. This case can be 
considered as trivial, one. 

Next, we shall pay attention to the case / 6 G\ 2 - From Theorem 3.2 [5] the 
function / has to be represented in one of the following special forms 

(1) / = £3 (x\x\ © ^1^2) © x l x 2> 

or 

(2) / = 233(2; © ^i^a) © x 3 ^ \ x i x 2 © ^-l 2 -^)! 
where a,/? £ {0,1}. 

Let / 6 G\ 2 be a function represented as (p} . It is easy to see that / is not a 
symmetric function. Then we have the following two subfunctions of / with respect 
to X3: 

f(x 3 = a) = x\x\ © x\x° 2 © xf x£ <£ G\ 2 and f(x 3 = -.a) = x f ( x^ <£ G% fi . 

Hence these subfunctions do not inherit the arity gap of /. 
The subfunctions of / with respect to x\ are : 

f{xi = 0) = x%x\ © p x^ and f( Xl = 1) = x%x% © l x^. 

Without any difficulties, it might be seen that these subfunctions belong to G\ 2 if 
and only if a ^ {3. By symmetry we obtain the same result for the subfunctions 
of / with respect to x-x. Summarizing this result we conclude that the Boolean 
functions represented by ([1]) have exactly four subfunctions which inherit the gap 
of / when a =/= f3. 

Next, let / G G\ 2 be a function represented as in ([2]). It is not so difficult to see 
that / is a symmetric function, and it is enough to consider the subfunctions of / 
with respect to one variable, only. Then we have the following two subfunctions of 
/ with respect to x\\ 

(3) f{x\ = a) = x%x% ffi x\x\ and f{x\ — -ice) = x%x\ © x\x%, 

which belong to G\ 2 - By symmetry it follows that all subfunctions of / of order 1 
have non-trivial arity gap and they inherit this property of /. Hence each function 
represented in form {2} has exactly six subfunctions of order 1 which inherit the 
arity gap of /. 
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2. Symmetric functions with non-trivial arity gap 

We shall study the behavior of the symmetric fc-valued functions / with non- 
trivial arity gap, i.e. with gap(f) > 1. As usual we shall denote by S n the set of 
all permutations of the set {1, . . . , n}. 

Definition 5. Let f £ P£ be a function such that 

Ess(f) = {x i - L ,...,x im } C {xi,...,x n }. 
Let Sf be the set of all permutations of . . . , i m }- We say that f is a symmetric 
function with respect to its essential variables if 

f(%l, ...,X n )= /(^(l), . • ■ , ^(n)) 

where tb^ £ S n is defined as follows 

(j) = { n W if J e {h,---,im} 
1 j otherwise, 

for all it £ Sf. 

Lemma 1. Let 2 < p < k and 2 < p < n. If f £ G™ k is a symmetric function, 
then p = 2 or p = n. 

Proof. Indeed, suppose this is were not the case. Then 2 < p < n. Hence there 
exists an identification minor h of / such that gap(f) = n — ess(h) and 2 < 
n — ess(h) < n. Without loss of generality assume that h = /„<_„_! and Ess(h) = 
{x\, . . . ,x q }, where q = n —p with < q < n — 2. Then x n -2 £ Ess(f) \ Ess(h). 
Hence for all c\, . . . , c„_3, c n _2, ^n-2, c„_i £ K we have 

h(ci, . . . , c„_3, c„_2, c„_i, c„_i) = h(ci, . . . , C„_3, G? n -2, Cn_l, c„_i), 

i.e. 

f ( C"l , ■ ■ ■ , C n _ 3 , C n _ 2 , — l>Xn— 1 ) — f (ci: ■ ■ ■ 7 C71 — 3 1 — 2 1 X n —i : X n — \). 

Let 7T G S n be a permutation of the set {1, . . . , n} defined as follows 

( 1 if i = n-2 
tt{i) —In — 2 if i = 1 

I i otherwise. 

Since / is symmetric we obtain 

/(c„-2, C 2 , ■ • • , Ci,X n _i, X n -l) = f(d n ~2,C2, ■ ■ ■ , C\ , X n -i , X n -\ ) 

for all ci, C2, . . . , c„_2; <^n-2 G Hence x\ ^ Ess(h), which is a contradiction. □ 

Lemma 2. Le£ 3 < rt < k. If f € G"^ k is a symmetric function then x v ^ 
Ess(f ui ~ v ) for all 1 < u,v < n with h/s. 

Proof. From Lemma 4.1 [7] there are 1 < u,v < n with u ^ v such that x v ^ 
Ess(f u ^ v ). Suppose that there is a pair i,j £ {1, ...,n}, i ^ j such that Xj G 
Ess(fu-j). Clearly, (it, u) ^ 
There are two possible cases. 

First, without loss of generality let us assume that i = u = 1, j = 2 and v = 3. 
Then there are constants c\ , C2, . . . , c n £ K such that 

/(ci,ci,c 3 ,...,c„) ^ /(c 2 ,c 2 ,c 3 ,...,c„) 

and 

/(c, x 2 , c, x 4 , ■ • ■ , x„) = /(d, x 2 , d, x 4 , . . . , x„) 
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for all c, d £ K. By the symmetry of / we obtain 

/(c, c, x 2 , Xi, . . . , x n ) = f(d, d, x 2 , x 4 , . . . , x n ) 
for all c,d £ K. In particular, we have 

f(ci,Ci,X 2 , X4, . . . ,X n ) = /(c 2 ,C 2 ,X 2 ,X 4 , . . . , X n ), 

which is a contradiction. 

Second, again without loss of generality let us assume u — 1, v = 2, z = 3 and 
j = 4. Then we have 

/ (c, c,x$,Xi,..., x n ) = f(d, d, x 3 , X4, . . . , a;„) 

for all c, d 6 K and there exist constants c\, c 2 , . . . , Cn G ^ such that 

/(ci,C2,C 3 ,C3,C 5 , . . . ,C„) ^ /(ci,C 2 ,C 4 ,C4,C 5 , . . . ,C„). 

By the symmetry of / we have 

f(ci,C 2 ,C3,C 3 ,C 5 ,...,C n ) = /(c 3 ,C3,Ci,C2,C 5 ,...,C„) = 
/(C4,C4,C1,C 2 ,C 5 , . . . ,C„) = /(ci,C2,C 4 ,C 4 ,C5, . . . ,C n ), 

which is a contradiction. □ 
The next lemma might be proved as a direct corollary of Theorem 4.4 [7]. 

Lemma 3. Let 3 < n < k. If f £ G2 fe and £„ Ess(f u ^ v ) for all 1 < u,v < n 
with u ^ v, then f = t © g, where t is a symmetric function with Ess(t u ^ v ) — 
Ess(f) \ {x v ,x u } for all 1 < u,v < n, u ^ v and g £ G™ k with gi^j = for all 
1 <i,j <n, j or g = 0. 

Let k and n, /c > n > 1 be two natural numbers and K n = {a\a — {ct\, . . . , a„), 
di £ K,i = 1, . . . ,n} be the set of all rt-tuplcs (strings) over K. 

For each n, k > n > 1, the set if™ is divided in two subsets as follows: 

Eq k := {(ai, . . . , a n ) £ X™ | a, = a^, for some i,j < n, i ^ j} 

and 

£>is" := {(or, . . . ,a n ) £ if™ | ai ^ aj, for all i,j<n, i / j}. 

Lemma 4. If f E G™ k , 2 < n is a symmetric function with p = n or n is an even 
natural number , then 

/(ci,...,ci) = /(c 2 ,...,c 2 ) 

/or aZ/ Ci, c 2 £ if. 

Proof. Let us assume that p = n and suppose that 

/(ci,...,ci) ^ /(c 2 ,...,c 2 ) 

for some ci, c 2 £ X. Then we have / 2 ^i(ci, . . . , ci) ^ / 2 ^i(c 2 , . . . , c 2 ), i.e. / 2< _i 
depends on at least one variable which is a contradiction because p = n. 

Let p — 2 < n and n is an even natural number. Let c\, c 2 £ if be arbitrary two 
constants and let us assume the non-trivial case ci 7^ c 2 . From Lemma [2] it follows 
that x v ^ Ess(f u ^ v ) for all 1 < u, v < n with u ^ v. Then we obtain 
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/(c 2 ,c 2 , . . . ,C 2 ) 

=/(ci,ci,C2,c 2 ,c 2 , . . . ,c 2 ) because x 2 ^ Ess(fi 

=/(ci,ci,ci,ci,c 2 , . . . ,c 2 ) because x 3 ^ £?ss(/ 

=/(ci,ci,ci,ci,ci,ci,c 2 , . . . ,c 2 ) because x 5 ^ Sss(/ 



2) 
4^3) 
6-i-5) 



=/(ci,ci,...,ci,ci,c 2 ,c 2 ) because x n - 3 £ -Ess(/„_ 2< _„_ 3 ) 

=/(ci,ci,...,ci,ci,ci,ci) because a;„_i ^ Ess(f n <- n -i). 



□ 



Remark 1. Note that Theorem 3.1 7 implies that / G G™ k , if and only if / can 
be represented as follows 

(4) / = [ H .x{\..xi-\ © oo.[ a;? 1 ■•.<»], 

where 3 < n < k, j3 — [pi, . . . , /3„) and d = (ai, . . . , a n ), and at least two among 
the coefficients ao,a^ £ A" are distinct. 

Hence if / G G™ fe is a symmetric function, then /(d) = /(/3) for all d, /3 € Sgj? . 
Example 2. 1. Let us consider the function 

/ = x\ (B x 2 © x\x\x\x\ {mod 5). 

Since / 3< _i = / 4 <_i = h^2 = Ja^2 = fi^3 = x\ © x 2 {mod 5) and / 2< _i = 
{mod 5) it follows that / € G\ 5 . Clearly / is not a symmetric function. 
On the other hand we have /(0, 0,0,0)' = 1, /(l, 1,1,1) = 1, /(2,2,2,2) = 2, 
/(3,3,3,3) = 3 and /(4,4,4,4) = 4. Hence / G G| s , but / does not satisfy 
Lemma 3] 

2. Let us consider the function 

f = xi © x 2 © a; 3 © £4 (mod 2). 

It is easy to check that / G G\ 2 and / is a symmetric function. Clearly, 
/(0, 0, 0, 0) = and /(0, 0, 1, 0) = 1, i.e. /(0, 0, 0, 0) f /(0, 0, 1, 0). 

3. Let us consider the function 

f — sr\ y.0 , 7 nl , 7 i0 m ^0 2 >rv 10 /-tn 2 ,-r* n /ll ^ 101 ^ 
y — j- ' 1 2 to -y dj 9 ^ 3 tt -y jli 2 3 vE? 1 *^ 2 3 to 12 3 ^1.^x^X2 1 2 3 

(J) x-^x^x^ 6B XyX^x^ x -yX^x^ ) {mod 3). 

It is easy to check that / G G 2 3 and / is a symmetric function. On the other hand 
we have /(Q, 0, 0) = 1, /(l, 1, 1) = 2 and /(2, 2, 2) = 0. Additionally it is easy to 
see that / 2 <_i = x° © 2x}. Hence / does not satisfy Lemma [2] and Lemma [4] 

Let d = (ai, . . . , a„) G K n and = (ft, ... , /3 m ) G if" 1 with m < n. 
We shall write j3 < d if there are 1 < ti,...,i m < n such that a,. = ft and 
a s ^ ft for all s £ . . . , i m } and j G {1, . . . , m}. 
Let us denote 

5(d) = ^'"...^«»>. 

Example 3. Let fc = 5. Then (0, 1, 1) < (0, 1,2, 1,4), but (0, 1) £ (0, 1,2, 1,4) and 
(0,2,3) (0,1,2,1,4). Let d= (1,2,4). Then 



S{a) 



■'l 2 3 ^ 1 2 3 ^ 1 2 3 tt, x 2 x 3 x x 2 3 vC ^ t c 2 x ^ ■ 
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Lemma 5. Let f G G\ k . Then f is a symmetric function if and only if it can be 
represented in one of the following forms: 
k-i 

(5) / = 0<*i[444®[ « 2 4 3 ]]©[ W)] 

07' 

fc-1 

(6) /=0«i[444®[ *r^4 3 ]]©[ w)], 

»=o &eEql, (H)<& seDis 3 k 

where a = (ai, ai2, 03), bg £ K and at least two among the coefficients Oi G -KT, /or 
i = 0, . . . , k — 1 are distinct. 

Proof. If fc = 2 then the lemma directly follows from ©. 

Without any difficult, excluding the more complex calculations, are might gen- 
eralize the results from G 2 3 in Theorem 5.1 7 to G 2 k for arbitrary k, k > 3. In 
this case, we obtain the same conjunctions of three disjunctions to determine the 
functions from G 2 k . The difference is that in the equations (13) — (15) (proof of 
Theorem 5.1 [7J) participate k tuples of k coefficients. Then a function belongs to 
G 2k if and only if it can be represented as in (9) — (12) (Theorem 5.1 [7J) as the 
sums are extended up to k — 1 instead of 2 in the case G 23 . The following two 
equations generalize in this way (10) and (11) from the proof of Theorem 5.1 [7J. 

k~l 

(?) / = ®x\.u (i \x 2 ,x 3 ) ®x\.u { - i \x 1 ,x 3 )} ®p 3 (x 1 ,x 2 ,x 3 ), 

i=0 

( 8 ) / = ®a l [x\.x 2 ®x 2 .v {i) (x 3 ,x 1 )®x 2 .u {i) (x 1 ,x 3 )]®p 3 (x 1 ,x 2 ,x 3 ), 

i=0 

where p 3 € G3 k , at least two among the coefficients etj, for i = 0, . . . , k — 1 are 
distinct, g G G 3 k is symmetric and 
k-i 

s(xx,x 2 ) := 044 ; u®(xx,x 2 ) := 044> » (i) (a;i,i2):=0ii4 

i=0 j^i j^i 

It is easy to see that if / is represented as in ([TJ then /(0, 0, 1) = a and 
/(1,0,0) = 7(0,1,0) = 01. If / is given by © then /(0,1,0) = a x and /(1,0,0) = 
/(0, 0, 1) = do- Hence / is not symmetric in the both representations (J7J and (JU). 

Thus the symmetric functions in G 2 k might be obtained by the equations (9) 
and (12) in [7J with additional requirement - the functions p 3 have to be symmetric. 
The symmetry of / then can be obtained as an easy calculation. Hence / G G 2 k is 
a symmetric function if and only if 
fc-i 

(9) / = 0a.[4- s ( I i. I 2) © x 2 .u^(xi,x 3 ) © x\.u {l) (x 2 ,x 3 )} ®g{x 1 ,x 2 ,x 3 ) 

i=0 

or 

fc-l 

(10) / = 0ai[4-4 ®x\.v^(x 3 ,x 2 ) ®x 2 .v {i) (x 3 ,xi)} ®g(xi,x 2 ,x 3 ), 

i=0 
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where at least two among the coefficients Oj, for i — 0, . . . , k — 1 arc distinct and 
g G G3 k is a symmetric function. Consequently, <? has to be represented as in (|12[). 
So, without any difficult from ©, (JTOJl and (JT5J) we might obtain © and ©. □ 

Theorem 1. If / 6 G? «s a symmetric function with 2 < n and n is an odd 
natural number, then there are two constants C\ , c 2 G K such that 

/(ci,...,ci) ^ /(c 2 ,...,c 2 ). 

Proof. Let n = 3. Then from ([S]) and ([5]) it follows that /(i, i, i) = ai and at least 
two among the coefficients flj, i = 0, . . . ,k — 1 are distinct. Hence there are two 
constants ci,C2 G ^ such that f(cx,cx,cx) ^ f (02,02,02), because at least two 
among the coefficients a^, for i = 0, . . . ,k — 1 are distinct (see Lemma [5]). 

Let n > 3 is an odd natural number. Let us suppose that this is not the case, 

i.e. 

(11) f(cx,Cx,Cx,...,Cx) = /(c 2 ,c 2 ,c 2 ,...,c 2 ) 

for all ci,c 2 G K. From Lemma [3] (if n < k) and Theorem 2.1 [8] (if n > fc) it 
follows that all identification minors of / are symmetric functions, which depend 
essentially onn-2 variables. Hence there is a symmetric function hi G 
such that hi = f(xx,---,x n -2,c,c), for all c d K because x n -i ^ Ess(f n <^n-i), 
according to Lemma [2] If n — 2 > 3, then again, as above, it follows that there 
exists a symmetric function /i 2 G such that /i 2 = /ii(xi, . . . , x n _4, c, c), for all 

c e K because x n - 3 £ Ess([hx] n -2^n-3) . 

In the same way it follows that there is a symmetric function 

g = hn=3(xx,X2,x 3 ) = hr^_s(xi,x 2 ,x 3 ,c,c) G G 2fe 

for all c G K because X4 ^ -Ess([/i ^] 5^4). Now, (|TT]) implies that g(cx,cx,cx) = 
<?(c 2 , c 2 , c 2 ) for all Cx, C2 E K which contradicts the case p = 2 and n = 3. □ 

Corollary 1. If f G G?? fc , 3 < n is a symmetric function and n is an odd natural 
number, then for each a G K n there is Ca G K such that f(a) ^ /(ca, c&, . . . , Ca). 

As usual we shall say that a k— valued function / G P k is linear if / = aiXi © 
a 2 a;2 © ... © a n x n © c, where ai, a 2 , . . . a„, c d K. Clearly, X{ G Ess(f) if and only 
if fll ^ 0. 

Theorem 2. XTie set P k contains a linear function with non-trivial arity gap if 
and only if k, k > 2, is an even natural number. 

Proof. Obviously, if / is a linear function then gap(f) < 2. 

Let k be an even natural number and k = 2m for some m G N. Then let us 
consider the following linear (and symmetric) function 

/ = ™(a;i©a; 2 ffi...©a; n )ffic, 

for some c G K . Clearly, 

fn-j — m(xi © . . . © Xj-i © xj + x © . . . Xi-i © © ... © x n ) © c. 
Hence / G G\ k . 

Let fc be an odd natural number and / = aixi © ... © a n x n © c, for some c G K, 
be a linear k— valued function. First assume that there are i and j,l < i,j < n such 
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that i ^ j and ai — dj ^ 0. Without loss of generality let us assume (j, i) = (1, 2). 
Then we have 

/2<-i = 2a\X\ © o 3 x 3 © ... © a n x n © c. 

Since k is odd it follows that 2a± =^ (mod k), i.e. Ess(f 2^-1) — {xi, . . . , x n }\{x2}- 
Hence / ^ GV^ k . Second, let at ^ aj for all i and j, 1 < i, j < n. Then we have 
o-i + a 2 7^ or ai + 03 ^ k. Without loss of generality assume that a\ + 0,2 ^ k. 
Hence 

/2^i = (ai + 0,2)2:1 © 03^3 © ■ • ■ © x n © c. 
Since /c=^ai+a2<2fcit follows that 04 + 02 ^ (mod k) which implies / ^ 

" " ' D 

Example 4. Let 

/ = 2{xi @x 2 @x 3 @ Xi) (mod 5). 

Then the arity gap of / is trivial, according to Theorem [2j In the same time the 
essential arity gap of the function 

g = 2(xi © x 2 © x 3 © X4) (mod 4) 

is equal to 2. It is easy to check that 

g(x x = 1) = g(xi = 3) = 2(z 2 © x 3 © £4) © 2 (mod 4) 

and 

5(xi = 0) = g(xi = 2) = 2(x 2 © x 3 © sc 4 ) (mod 4). 

Theorem 3. Let / G G™ k , 2 < n < k. Then f is a symmetric function if and 
only if it can be represented in the following form: 

m 

(12) /= [0a i 5(A)]ea o [ x?x?...x$r], 

i=i & ^ E ik 



where m = I I and a = (ax, 0/2, . . . , a n ), /3j G Dis k , and at least two among the 
coefficients <Zj G if, /or i = 1, . . . , k — 1 are distinct. 

Proof. Let /eGJJ t ,2<n<fcbea symmetric function and let & = (ai, . . . , a n ) G 
ZJisJJ be an arbitrary n— tuple of constants from if with 0^ 7^ aj when i =/= j. Denote 
by 05 = f(6i). By the symmetry of / it follows that 

/(<*7r(l)> <*7r(2)! • • • j C*7r(n)) = 
fk\ 

for each 7r G S n . Since there are ways to choice a, then the number of distinct 

w 

fk^ 

coefficients a„ is at most 

\ n / 1 

Let f3 G J5gjf . Then g} implies /(/3) = /(0, 0, . . . ,0) = a , which proves that / 
is represented in the form (I12p . 

Clearly, if / is represented as in l|12p , then it is symmetric and all its identification 
minors are equal to the constant /(0, 0, . . . , 0) = ao. □ 

o 

Corollary 2. There are fc V n / — k different symmetric functions in G™ k . 
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Proof. There exists ( ] ways to choice in ([T2"j). Thus there are [ | + 1 coeffi- 

cients in (|12p . including ao. On the other hand we have to exclude all k cases when 

a-i are the same for i = 0, ...,(] . □ 

W 

3. SUBFUNCTIONS OF SYMMETRIC FUNCTIONS WITH NON-TRIVIAL ARITY GAP 

In this section we shall study the subfunctions of the symmetric fc-valued func- 
tions / with non-trivial arity gap, i.e. with gap(f) > 1. 

Definition 6. Let c G K be a constant from K and f 6 P k be a symmetric function. 
We say that c is the dominant of f if f(at, ■ ■ ■ , a n -t, c) = . . . , /3„_i, c) for 

every constants at,..., a n -t,/3t, ■ ■ • , /3 n -i € K. 

Clearly if c is a dominant of / then Ess(f(xi, . . . , x„_i,c)) = 0, i.e. the sub- 
functions of / of order 1 obtained by dominants of / are always constant functions. 
If / G G™ k then c is a dominant of / if and only if f(ai, . . . , a n -t,c) = /(0, . . . , 0) 
for all at, . . . , a n —t S K, according to ((4]). 

Theorem 4. Let f 6 G™ k be a symmetric function with 2 < k, 2 < n and let 
g = f(xi = c) for some X\, 1 < i < n and for some constant c G K be a subfunction 
°f f ■ If c is not a dominant of f then g is a symmetric function which belongs to 
the class G™Zt 

Proof. We shall consider the non-trivial case n > 2 (else the subfunctions of / will 
depend on at most one essential variable). Hence k > 2 because n — gap(f) < k. 

By symmetry we may assume that g = f(x n = c). 

First we shall prove that ess(g) = n — 1. 

According to (|4]) and by the symmetry of / it follows that if x\ £ Ess(g) then 
{xt, ■ ■ ■ ,x n _t} C Ess(g). Thus we shall prove that xt G Ess(g). Since c is not a 
dominant of /, from Corollary [1] of Theorem [TJ we might assume that there is a 
(n — 1)— tuple 5 = . . . ,5 n -t) G Dis^ 1 such that 

/(<5 l7 ... A-i,c)^/(0,0,...,0). 

Let f{St, . . . , S n —i, c) = ag, i.e. g(St, . . . , <S n _i) = a~ s ^= ao- On the other hand 
we have (c, St, . . . , <5„_i, c) G Eq k and according to Q we obtain 

f(c, S 2 ,..., § n -i,c) = /(0, 0, . . . , 0) = a . 

Consequently g(c, 82, ■ ■ ■ , 5 n — 1) = °o and 

ff(c,<5 2 , . . . ,<y n _l) 7^ 3(^1^2, ■ • - j^n-l): 

which proves that xi G Ess(g). 

Second, we shall prove that g is a symmetric function, all its identification minors 
are equal to the constant /(0, . . . , 0) and g G G^z{ k - 

We know that Ess(g) — {x±, . . . , x n -i}. Since / is symmetric we have 

f(xt, X2,X 3 , ■ ■ .,x n -t,c) = f(x 2 ,xt,x 3 , . . .,x n -t,c) 

which proves that g = f{x\, x 2 , X3, . . . , x n -t, c) is a symmetric function. 

Hence /i<_j = ao for all i, j G {1, . . . ,n} with i ^ j, where ao = /(0, ... ,0), 
according to ([4]). Consequently, gi^j — oq for all i,j G {1, . . . ,n — 1} with i ^ j 
which shows that all identification minors of g are equal to /(0, ...,0). Hence 

sec::!,, ' □ 
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Let us denote 



subl 



k\ fn\fk\ ( n \ ( k 



I \l \2 \2 \n-2l \n-2 



Lemma 6. If f € G™ k , n < k is a symmetric function, then there are at most 
sub k subfunctions of f with non trivial essential arity gap. 

Proof. The equation ((4]) implies that if g = f{c\, . . . , c m , x m+ \, . . . ,x n ) is a sub- 
function of / of order m, m > 1 with (cj., . . . , c m ) G Eq^ then g = /(0, . . . , 0), i.e. g 
is a constant and hence its arity gap can not be non-trivial. Thus we are interesting 
in subfunctions g of / obtained when (ci , . . . , c m ) G Dis™ for m = 2, . . . , n — 2 < k. 

It is easy to see that |£>zs™| = ( ^ for m = 2, . . . , n — 2 < k. 

Consequently, each n— ary fc— valued symmetric function has at most ^ ) ' ^ ' 

subfunctions of order r,n — 2>r>l with non-trivial essential arity gap. Note 
that symmetry of / implies 

/(Ci , • ■ • , C m , X m +i, • ■ ■ , X n ) — f{ c ir(l) i • ■ ■ j C-rr(m) i %m+li • • • ) ^n) 

for each permutation 7r G S'm. 

Thus, if / G G™ fc , n < k is a symmetric function then the number of all its 
non-trivial(non-constant) subfunctions is at most sub^. □ 

Theorem 5. If f £ GV lk is a symmetric function with 2 < k and 2 < n, then each 
its subfunction g of order 1 is symmetric and belongs to the class G 7 ^ ^ . 

Proof. Without loss of generality we may assume that g :— f{x\ = c) for a constant 
c G K. 

Claim 1. Ess(g) = {x 2 , ■ ■ ■ ,x n }. 

We shall prove the claim by considering cases: 

Case A. Let k — 2 and n = 3. Then from ([3]) it follows that g depends essentially 
on X2 and x%. 

Case B. Let k = 2 and n > 3. Then from Theorem 3.4 [5] it follows that 
a Boolean function / G depending on n essential variables with n > 4, has 
essential arity gap 2 if and only if 

(13) /= x?...x? or /= x? 

J2a.i is odd Sai is even 

Then we have 

(14) g= xT-.-x^ or g= x?...x?. 

Y,ai is even Sa^ is odd 

It is clear that the subfunction g — f(xi — c) in the both its presentations depends 
essentially on all of its variables {x2, ■ ■ ■ , x n }. 

Case C. Let k > 2 and n = 3. From ([5]) and ([6]) we obtain 

fc-l k-l 

(is) /(n = c) = $ac[^ffi[ aj [4^®^4]]®[ W)] 

*=° J=0, S£Disl 
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or 

fc-i 

(16) /(x 1 = c)=0a i [44]©a c [ x?xf»] © [ b s S$], 

i=0 &eDis 2 k , (i)<& SeDisl 

where a = (02,0:3), b$ G K and at least two among the coefficients a, £ if, for 
i = 0, . . . , k — 1 arc distinct. So it is clear that in the both representations of / the 
function g = f(x% — c) depends essentially on x 2 and 23. 

Case D. Let fc > 2 and n > 3. Let He a subfunction of g of order 1, such that 
h = g(x n = c), i.e. h = /(c, x 2 , ■ ■ ■ ,x n -x,c). Hence h — / n< _i is an identification 
minor of /. From Theorem 2.1 [8] (if n > k) and Lemma[3](if n < k) it follows that h 
depends essentially on all of its variables {x 2 , ■ ■ ■ , x n -i}- Clearly Ess(h) C Ess(g) 
and {X2, . . • , £ n -i} C Ess(g). If we proceed with a;„_i as with x n above, then we 
shall obtain {X2, ■ • ■ , a^n} C Ess(g). 

Hence in all these cases we have {^2, . . . , x n -i,x n } — Ess(g) and ess(g) = n — 1. 

Claim 2. ^ Ess{g u ^ v ) for all distinct x u ,x v 6 Ess(g). 

First, let fc = 2. If n = 3 then from ([3]) it follows that xi £ Ess{g^2). If n > 3 
then from (|13j) it is easy to check that x v ^ Ess(g u< - V ) for all 1 < u, v < n, u ^ v. 

Second, let fc > 2. If n > k then x v ^ Ess(f(xi = c) u ^ v ) for all distinct 
x u ,x v G {x2, . . . ,x n } according to Theorem 2.1 [8]. Finally, let fc > 2 and n < fc. 
Then the claim follows from Lemma [5] 

Claim 3. g is symmetric and all its identification minors are symmetric func- 
tions. 

Claim 1 implies that Ess(g) = {X2, ■ ■ ■ , x n }. Since / is symmetric we obtain 
/(c, x 2 , x 3 , X4,, ■ . . , x n ) = /(c, x 3 , x 2 , x 4 ,..., x n ) 

which proves that g = /(c, x 2 , 2:3, X4,, . . . , x n ) is a symmetric function. 

From © and fity (if k = 2), Theorem 2.1 (if n > fc), (HSJ and (|T6)) (if w = 3 
and fc > 2) and Lemma |3] (if 3 < n < fc) it follows that all identification minors of / 
are symmetric. Consequently, fi^-j is symmetric for all i, j £ {2, . . . , n) with i ^ j. 
Hence g-^j — fi<^j(xi — c) are also symmetric functions for all i, j £ {2, . . . , n} 
with i 7^ j. 

Claim 4. g £ G^ 1 . 

Claim 2 implies gap(g) > 2. According to Claim 3 <? is a symmetric function. 
From Lemma [T] it follows that gap(g) — - 2 or gap(g) = n — 1. 
If fc = 2 and n = 3, then from © it follows that g £ G\ 2 - 
If fc = 2 and n > 3, then from (TH} it follows that ggG^. 
If 3 = n < k then ((TSJ) and $W$i imply ,g G G\ k . 

If fc > 2, then Lemma[3]and Theorem 2.1 [8] provide that the subfunctions of / 
of order 1 are symmetric and their essential arity gap is equal to 2. □ 
Corollary 3. If f G G^ k is a symmetric function, then there do not exist any 
dominants of f . 

Example 5. Let us consider the following function 

/ = 5(0, 1, 2, 3) © 5(0, 1, 4, 5) © 8.5(0, 1, 6, 7)(mod 9). 

Clearly, / G G\ 9 . The constant 8 is a dominant of / because 

/(oi, o 2 , o 3 , 8) = /(0, 0, 0, 0) = 0, for < oi, o 2 , a 3 < 8. 
The subfunctions of / might be explicitly determined. Since 
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f(x 4 = 0) = 5(1, 2, 3) © 5(1, 4, 5) © 8.5(1, 6, 7), 
f( Xi = 1) = 5(0, 2, 3) © 5(0, 4, 5) © 8.5(0, 6, 7), 
f(x 4 = 2) - 5(0, 1, 3), f(x 4 = 3) = 5(0, 1, 2), 
/(a* - 4) = 5(0, 1, 5), f(x 4 = 5) = 5(0, 1, 4), 
/(a* = 6) - 8.5(0, 1, 7), f(x 4 = 7) = 8.5(0, 1, 6), 

there are 8.4 = 32 subfunctions of / of order 1 with non-trivial arity gap. All they 

are symmetric. Since 

f(x 4 = 0,x 3 = 2) = 5(1, 3), f{x 4 = 0, 2:3 = 3) = 5(1, 2), 
f(x 4 = 0, x 3 = 4) = 5(1, 5), f{x 4 = 0, x 3 = 5) = 5(1, 4), 
f(x 4 = 1, S3 = 2) = 5(0, 3), /(a* = 1,^=3) = 5(0, 2), 
/(a* = 1, = 4) = 5(0, 5), /(a* = 1, x 3 = 5) = 5(0, 4), 
f(x 4 = 0, x 3 = 6) = 8.5(1, 7), /(a* = 0, 2:3 = 7) = 8.5(1, 6), 
/(a; 4 = l,x 3 = 6) = 8.5(0, 7), /(a* = l,aj 3 = 7) = 8.5(0, 6), 
/(a* = 6, s 3 = 7) =8.S(0,1), 
/(z 4 = 0, x 3 = 1) = 5(2, 3) © 5(4, 5) © 8.5(6, 7), 
f(x 4 =2,x 3 = 3) = f(x 4 = 4, x 3 = 5) = 5(0, 1), 

there are 16.6 = 96 subfunctions of / of order 2 with non-trivial arity gap. All they 

are symmetric. Hence the number of the all subfunctions of / with non trivial arity 

gap is 32 + 96 = 128. 

There are 4 constant-sub functions of / of order 1, obtained as follows f(xi — 

8) = for % = 1,2,3,4. 



Since /(a;, = f 


B, x j ■■ 


= m) = 


for all m = 


= 1,...,. 


3, i,j = 


1, 2, 3, 4 with i / j and 


f{x 4 = 2,2:3 


= 4) 


= f(x 4 


= 2,2:3 = 5) 


= f(Xi 


= 2,2:3 


= 6) = 


7(2:4 = 2,2:3 


= 7) 


= f(x4 


= 3, 2:3 = 4) 


= f(x 4 


= 3,2:3 


= 5) = 


7(2:4 = 3,2:3 


= 6) 


= f(x 4 


= 3, 2:3 = 7) 


= f(x 4 


= 4,2:3 


= 6) = 


f(x 4 = 4,2:3 


= 7) 


= f(X4, 


= 5, 2:3 = 6) 


= f(x4 


= 5,X3 


= 7) = 0, 



there are 20.6 = 120 constant-subfunctions of / of order 2. Thus we have 
128 + 4 + 120 =( 4 X(T\ + Q • (2) - 252 = sub l 



4. Separable sets of symmetric functions with non-trivial arity gap 
Clearly, -< is a partial order relation in the set PJ} . 

Theorem 6. If j is a symmetric function with non-trivial arity gap, then each set 
of essential variables in f is separable in f . 

Proof. Let / € G™ fc , n < k and let Ess(f) := {x\, . . . ,x n } and without loss of 
generality let us prove that M = {x\, . . . , x rn }, m < n is a separable set in /. 
According to ((H) there are constants ci, . . . , c„ € K such that f(c±, . . . , c„) ^ ao, 
where a = f(dx, . . . , d n ) for all di, . . . , d n G Eq^. We have to prove that M — 
Ess(fi) where fx = f(x m +i = c m+ i, ...,x n = c„). Let x t G M be an arbitrary 
variable from M, i.e. 1 < t < m. Again from ((4} it follows that 

f(cx,... 1 Ct— 1 5 C n , Ct-\- 1 j • ■ • 3 c m , . . . , c n 

) = ao- 

Hence xt G Ess(fi) which implies M = Ess(fi). 

Let / G k , n < k be a symmetric function. Without loss of generality let us 
assume that M = {x\, . . . , x m }, m < n be a set of essential variables in /. We have 
to prove that M is a separable set in /. Since xi G Ess(f) by Theorem 1.2 [2] it 
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follows that there is a chain of subfunctions 



fi -< h < ■ • ■ -< fi 



f 



such that Ess(fi) — {x\} and Ess(fj) — {x\,Xi 2 , . . . , Xj . } for j = 2, 3, . . . , n. Since 
/ is a symmetric function, then there are constants c m +i, ...,c n for the variables 
in Ess(f) \ Ess(f m ) such that 



Consequently, f(x m+1 = c m+1 ,x m+2 = c m+2 , ...,x n = c n ) is a function which 
depends essentially on the variables Xi, . . . , x m , i.e. M is a separable set in /. □ 
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